We study the instanton calculus for N = 4 super Yang-Mills theory in tendimensional Ω-background with the R-symmetry Wilson line gauge field. From the ADHM construction of instantons in the background, we obtain the deformed instanton effective action. For a certain case we get the effective action of N = 2 * theory in the Ω-background. We also study the low-energy effective D(−1)-brane action for the D3/D(−1)-brane system in the R-R 3-form field strength backgrounds and find that the action agrees with the instanton effective action in the Ω-background.
Introduction
The Ω-background deformation [1] is used to perform the integrals over the moduli spaces in various supersymmetric gauge theories via the localization technique. In particular, Nekrasov computed the instanton partition function for N = 2 supersymmetric YangMills theory from the Ω-deformation [2] , which is defined by the dimensional reduction from the six-dimensional Ω-background with the R-symmetry Wilson line gauge field [3, 4] .
It has been known that the Ω-background deformation can be interpreted as a certain N = 2 supergravity background. For the (anti-)self-dual Ω-background, the instanton partition function corresponds to the partition function of topological string theory extracted from the scattering amplitudes including the self-dual graviphoton vertex operators in type II superstring theory [5, 6] . The topological partition functions has been studied in the non-(anti-)self-dual case [7, 8, 9] . Recently, it has been pointed out in [10, 11] that the partition functions for the general (non-(anti-)self-dual) Ω-background correspond to the scattering amplitudes including the anti-self-dual graviphoton and the self-dual gauge field associated with the matter vector multiplets.
Such closed string backgrounds also change the microscopic description of instantons realized by D-branes. It has been shown in [12] that the low-energy effective action of the D(−1)-branes for the D3/D(−1)-brane system at the fixed point of C × C 2 /Z 2 in the self-dual R-R 3-form field strength background coincides with the N = 2 instanton effective action in the self-dual Ω-background. In [13] , we have extended this result to the general Ω-background, where the corresponding closed string backgrounds are the (S,A)-and the (A,S)-types of the R-R 3-form field strengths. The (S,A)-type R-R 3-form field strengths have the same tensor structures as the Ω-backgrounds, which give the mass for the bosonic and the fermionic instanton moduli. On the other hand, the (A,S)-type field strengths correspond to the Wilson line gauge fields, which give the masses for the fermionic moduli. This correspondence is similar to the relation between the system in the uniform magnetic fields and the one in the rotating frame.
In this work we will investigate further generalization of the Ω-background and its string theory description in order to understand this correspondence in more general setup. This is also useful for studying non-perturbative and stringy aspects of the supersymmetric gauge theories constructed by various D-branes. The Ω-background deformation of Dbrane systems in various dimensions has been studied in [14, 15, 16, 17, 18, 19] . In particular, we have proposed the ten-dimensional Ω-background for the self-dual case and studied the deformed N = 4 super Yang-Mills theories [20] . We have studied the ADHM construction of instantons in the background and showed that the deformed instanton effective action agrees with the D(−1)-brane effective action for the D3/D(−1) system in the self-dual R-R 3-form background of the (S,A)-type. We also found that the (A,S)-type R-R 3-form background gives the holomorphic mass deformation to the fermionic moduli in the instanton effective action.
In this paper we study the N = 4 action in the general non-(anti-)self-dual Ω-background with the R-symmetry Wilson line gauge field and the deformed instanton effective action. We also investigate the correspondence between the ten-dimensional Ω-background and the R-R 3-form backgrounds. We will study the ADHM construction of instantons in the Ω-deformed N = 4 super Yang-Mills theory. We find that this Ω-deformation includes the mass deformation (N = 2 * deformation) as an example, which is useful for the calculation of the N = 4 instanton partition function [21, 22] . We will calculate the D(−1)-brane effective action for the D3/D(−1) system in the R-R 3-form backgrounds and find that the deformed action agrees with the instanton effective action in the ten-dimensional Ω-background.
This paper is organized as follows: in Section 2, we introduce the ten-dimensional Ω-background and the R-symmetry Wilson line gauge field. We will discuss the ADHM construction of instantons in the deformed N = 4 theory and calculate the instanton effective action. In Section 3 we will study the D(−1)-brane effective action for the D3/D(−1) system in the R-R 3-form backgrounds. Section 4 devotes the conclusions and discussion. In Appendix A, we summarize our notations of the sigma matrices in four and six dimensions. In Appendix B, we describe detailed calculations of the disk amplitudes in the R-R 3-form backgrounds.
2 N = 4 instanton effective action in Ω-background Lagrangian is
where g is the gauge coupling constant and θ is the theta angle parameter. The four-dimensional N = 4 super Yang-Mills theory is obtained by the dimensional reduction of the N = 1 super Yang-Mills theory in ten dimensions [23] . In this work,
we consider the N = 1 super Yang-Mills theory in the ten-dimensional Ω-background and its reduction. We introduce the ten-dimensional coordinates
) and the metric g MN defined by
with Ω 
where 
where
the Lorentz generator in ten dimensions and ω M,M N is the spin connection. The non-zero components of the spin connection are After the dimensional reduction of the Lagrangian (2.3) to four dimensions, the Wick rotation and adding the theta term, we obtain the following deformed Lagrangian:
The terms in L O arise from the part of the spin connection (2.5) and are proportional to the commutator O mnab .
The deformed theory has no supersymmetry in general since the Ω-background breaks the Poincaré symmetry. However, a part of the supersymmetry can be recovered by choosing the parameters of the background. For example, when the Ω-matrices are selfdual and satisfy the commuting conditions O mnab = 0, the deformed theory reduces to the one obtained in [20] . We can show that it preserves a half of N = 4 supersymmetry, which is given by
In the case of the non-(anti-)self-dual Ω-matrices, the theory has supersymmetry 
The gauge covariant derivative for the gauge field is also modified as For the spinor fields, it changes the following terms in the Lagrangian (2.6) as
In contrast to the N = 2 case, the commutator of the scalar fields ϕ a , ϕ b is also changed due to (2.10). Its shift is given by
Finally, we obtain the Lagrangian in the Ω-background with the R-symmetry Wilson line as
Note that one can recover the Ω-deformed N = 2 super Yang-Mills theory [4, 13] from the Lagrangian (2.13) by the Z 2 orbifold projection [12, 13] . To see this, we decompose the N = 4 vector multiplet A m , Λ A ,Λ A , ϕ a into the N = 2 vector multiplet and the N = 2 adjoint hypermultiplet. We consider the subgroup SU(2) I × SU(2) I ′ of SU(4) I such that the SU(4) I index A = 1, 2 corresponds to that of SU(2) I and A = 3, 4 to that of SU(2) I ′ . We label the indices of the fundamental representations of SU(2) I and SU(2) I ′ as A ′ andÂ respectively. We define ϕ 14) and decompose them as
We note that ϕ A ′B andφÂ B ′ are related by 16) which is shown by using (A.5). Under this decomposition, the N = 4 vector multiplet is divided into the N = 2 vector multiplet (A m , Λ A ′ ,Λ A ′ , ϕ,φ) and the N = 2 adjoint hy-
from Ω mna and (A a ) C D respectively. Now we consider the Z 2 subgroup of SU(2) I ′ , which changes the signs of the fields and parameters with odd Z 2 charges. Under the Z 2 projection, the hypermultiplet, Ω
After the projection and imposing the commuting condition for the Ω-matrices as
we get the Lagrangian of the Ω-deformed N = 2 super Yang-Mills theory obtained in [4, 13] . The Ω-matrices satisfying (2.17) are expressed by the ǫ-parameters ǫ 1 , ǫ 2 as
The Ω-deformed N = 2 super Yang-Mills theory has one fermionic charge when we choose the R-symmetry Wilson line gauge field as [3, 4, 13] 19) and (
We note that the other components of the Wilson line gauge field do not appear in the Lagrangian because they couple only with the hypermultiplet.
One can also obtain the mass deformed N = 4 theory or the N = 2 * theory in the Ω-background when the Z 2 -projected Ω-background satisfies (2.17) and the R-symmetry
Wilson line gauge fields take the following form:
The mass deformation parameters of the N = 2 * theory are given by MÂB andMÂB. Taking them to be proportional to τ 3 by the SU(2) I ′ transformation as
the mass of the hypermultiplet is √ mm. The action of the Ω-deformed N = 2 * theory is invariant under the following supersymmetry transformations:
Here Ω m = Ω mn x n andΩ m =Ω mn x n . The parameterξ is obtained by taking the diagonal part of the N = 2 supersymmetry transformation parametersξα
. The transformations (2.22) can be regarded as the Ω-deformation of the topologically twisted supersymmetry.
Instanton calculus in deformed N = 4 theory
We now study the instanton calculus in the deformed N = 4 U(N) super Yang-Mills theory. We are interested in the integration over the zero modes around the instanton solutions in the path integral. We first examine the solutions to the equations of motion around the instantons. In the Coulomb branch of the theory, the adjoint scalar fields ϕ a have vacuum expectation values (VEVs) ϕ a = φ 0 a . We take the VEVs to be diagonal such that they commute with each other. It is very difficult to solve the equations exactly even in the case where all the deformation parameters vanish. Instead we expand the fields in the coupling constant g. Its approximation is valid when the VEVs are large [25] . The leading term of the gauge field satisfies the (anti-)self-dual equation. Here we consider the case of the self-dual instanton solution. The g-expansions of the fields are given by
Here A
m satisfies the self-dual equation:
mn is the field strength of A (0) m . From the Lagrangian (2.13) the equations of motion for the other fields at the leading order in g are obtained as 27) where 
We can also solve the fermionic zero mode equation (2.25) by the ADHM construction [27] . The fermionic zero modes are parametrized by the Grassmann-odd matrices M 
The U(k) group also acts on the fermionic moduli as
The solution to the equation (2.26) for the scalar fields does not have zero modes and is expressed in terms of the ADHM moduli, the scalar VEVs and the deformation parameter Ω mna [20] .
By substituting the expansions (2.23) into (2.13), the spacetime action
is expanded as
where S (0) is given by
As we mentioned before, S (0) does not depend onΛ
A . We evaluate the integral in (2.33) by substituting the solutions to (2.24)-(2.26) and we express S (0) as the function of the ADHM moduli. In the case of the self-dual Ω mna and the vanishing R-symmetry Wilson line, (2.33) is reduced to the one in [20] . In the general case we have the contributions from the anti-self-dual part of Ω mna and the Wilson line, which can be computed in a similar way as in the case of the N = 2 theory [13] . Then S (0) is evaluated as 34) where tr k denotes the trace for the k × k matrix. We use the same normalization factor
The operator L acting on the k × k matrix is defined by
The parameters m AB , which are symmetric in the indices A and B, are expressed by the
In (2.34) the ADHM moduli obey the ADHM constraints. We introduce the auxiliary variables Dc andψα A as the Lagrange multipliers for the constraints (2.28) and (2.30) respectively such that we can regard the ADHM moduli as the independent variables in the path integral. We also introduce the auxiliary variables χ a in the path integral such that the L −1 -terms in (2.34) become the Gaussian form. Then S (0) can be rewritten as The parameters ζc are also interpreted as the noncommutativity parameters in spacetime [28] . In the instanton effective action (2.37), the Ω-background parameters Ω mna give the mass terms for the bosonic moduli (a For the case with the self-dual Ω-background and without the Wilson line the effective action (2.37) is reduced to the one obtained in [20] , where the action is invariant under the deformed supersymmetry. We can also reduce the effective action (2.37) to that in N = 2 case by the Z 2 orbifold projection which acts on the parameters with the SU(2) I ′ indices.
Here the moduli variables and the deformation parameters having odd Z 2 charges are projected out. To describe the N = 2 theory, we decompose the fermionic moduli M ′A α , µ A , the auxiliary variables χ a ,ψα A and the scalar VEVs φ In the case without the Ω-background and with the non-zero Wilson line parameters MÂB, we find that the instanton effective action (2.37) becomes that of the undeformed N = 2 * theory [21] . The N = 2 mass parameters MÂB are related with m AB via MÂB = −2 √ 2iǫÂĈmĈB. We note that the effective action (2.37) does not depend on MÂB since the terms in the spacetime action depending onMÂB are of higher order in the coupling constant expansion (2.32). We have to set φ A ′Â 0 = 0 since it breaks the N = 2 supersymmetry due to the mass terms for the scalar fields in the hypermultiplet [21] .
In the Ω-background and the Wilson lines satisfying Ω Table 1 in Appendix B.
We keep the D3-brane (Yang-Mills) coupling constant g = (2π)
s finite [31] . Then the zero-slope limit corresponds to the limit g 0 → ∞, where g 0 = (2π)
s is the gauge coupling constant for the D(−1)-branes and g s is the string coupling constant. Some of the ADHM moduli in the vertex operators must be rescaled by g 0 to reproduce the field theory calculations [32] .
The D(−1)-brane action S 0 D(−1) which reproduces the amplitudes in the zero-slope limit [32] is given by
Here we have introduced the auxiliary fields Y ma , Xα a ,Xα a to disentangle the higher point interactions in the low-energy effective action [32] . After eliminating these auxiliary fields by using their equations of motion, the action S 0 D(−1) reduces to the one (2.37) where all the deformation parameters are set to be zero.
We now study the deformation of the D(−1)-brane action in the R-R backgrounds.
The R-R field strengths F M , F M N P , F M N P QR can be combined into the bi-spinor form Table 2 in Appendix B. As we discussed in [20] , we consider the zero-slope limit with finite (2πα ′ ) In order to cancel the overall factor 1/g 2 0 of the disk amplitudes (B.6) in the zero-slope limit, the vertex operators for the following combinations of the fields need to be inserted in the disk amplitudes together with that for F :
By dimensional analysis and the conservation law of the charges associated with the spin operators and the twist fields, we find that the irreducible amplitudes that contain one vertex operator for the (S,A)-or the (A,S)-type backgrounds include only the vertex operators associated with the first five combinations in (3.3) .
In the following, we calculate the non-zero amplitudes that contain the closed string backgrounds.
Amplitudes with (S,A)-type backgrounds
We first consider the amplitudes that contain the self-dual part of the (S,A)-type backgrounds [20] . These have been evaluated
Next we consider the anti-self-dual part of the (S,A)-type backgrounds, which are the new contributions. We find that the non-zero amplitudes are given by
We leave the detailed calculations of these amplitudes to Appendix B.
Amplitudes with (A,S)-type backgrounds
We next study the amplitudes that contain the (A,S)-type backgrounds. We find that all the amplitudes that involve the background F [αβ](AB) vanish in the zero-slope limit. On the other hand, some of the amplitudes that contain F [αβ](AB) are non-zero. These amplitudes have been also calculated in [20] , which are given by
(AB) ǫαβ ,
(AB) ǫαβ . analysis, the following amplitudes should be considered:
The second, the third and the fourth ones vanish because the amplitudes are proportional to the factor B mn δ mn . The first amplitude was evaluated in [36] . The result is
where we have defined ζc ≡ηc mn B mn .
Next we consider the case where both the NS-NS B-field and the R- . Therefore we examine the following amplitudes:
) F is a vertex operator for the (S,A)-or the (A,S)-type backgrounds. Calculating these amplitudes are cumbersome since they contain the five-point world-sheet correlators. Instead we evaluate the amplitudes from the Wess-Zumino term of the D(−1)-brane action in the NS-NS B-field and the R-R backgrounds [37] . We find that the corresponding interaction term vanishes for the constant NS-NS B-field and the (S,A)-or the (A,S)-type backgrounds. Then the amplitudes (3.10) are zero 1 . The amplitudes that contain more than one R-R vertex operator are reducible or of higher order in α ′ and vanish in the zero-slope limit. 1 The terms that contain the VEVs φ 0 a can not be derived from the Wess-Zumino term in the effective action in [37] . However, the second amplitude in (3.10) vanishes when the first amplitude is zero. This is because the structure of the vertex operator for χ a and φ 0 a is the same.
Deformed D(−1)-brane effective action
We now consider the deformed D(−1)-brane effective action for the D3/D(−1)-brane system. The amplitudes (3.4)-(3.9) are reproduced by the following effective action:
Here we have defined the deformation parameters C mna from the backgrounds
(AB) ǫαβ. (3.14)
After integrating out the auxiliary fields Y ma , Xα a ,Xα a , we finally obtain the following effective action 
Conclusions and Discussion
In this paper we have studied the N = 4 super Yang-Mills theory deformed in the ten- We have constructed the supersymmetry transformations for the Ω-deformed N = 2 * theory explicitly. In the undeformed case, these transformations lead to the nilpotent fermionic charge where the action is written as the exact form with respect to the charge [39] . In the deformed case, we can show that the deformed N = 2 * action is written in the exact form with respect to the charge defined by (2.22) . The fermionic charge is obtained by the topological twist of N = 4 supersymmetry, where one identifies the SU(2) R Lorentz group with the SU(2) subgroup of the SU(4) I R-symmetry group.
One can consider three types of the different twists [40, 41] . Among them, the half twist and the Vafa-Witten twist [42] are particularly interesting. Since the ten-dimensional Ω-background contains many deformation parameters, it is interesting to explore the deformed supersymmetry of the theory and to construct the Ω-deformed topologically twisted theories.
We have also studied the ADHM construction of instantons in the Ω-background. it is interesting to examine the deformed supersymmetry when the theory has nilpotent fermionic charges.
The string theory calculation of the instanton effective action is rather straightforward compared to the ADHM method, where we need to solve the deformed equations of motion for the fields in the instanton background. We can apply the R-R 3-form field strength deformations to various D-brane systems. However the existence of the deformed supersymmetry transformations is not obvious in this approach. There is also a problem of the back reaction terms in the deformed D3-brane action, which is necessary to reproduce the deformed instanton effective action [20] .
We note that the effective action (3.15) is different from the one discussed in [22] where the deformed action depends only on the ǫ-parameters holomorphically. They also differ even in the case where all the deformation parameters vanish. The action in [22] contains the quartic terms of a ′ m , χ a and the quadratic term of Dc which are absent in our action. This difference comes from the fact that when we consider the zero-slope limit of the amplitudes, we have rescaled some of the ADHM moduli by g 0 in the vertex operators as found in Table 1 . On the other hand, in [22] , the authors studied the D(−1)-brane effective action without use of this rescaling. However both the effective actions provide the same instanton partition function [4] (see [48] for the Ω-deformed topological string amplitudes related to the N = 2 * partition function). These problems will be discussed A Sigma matrices in four and six dimensions
In this appendix, we present our conventions of the sigma matrices in four and six Euclidean dimensions. The sigma matrices σ m αα andσ mαα in four dimensions are defined
where τc (c = 1, 2, 3) are the Pauli matrices and 1 2 denotes the 2 × 2 identity matrix. We define the Lorentz generators σ mn andσ mn by
They are related with the Pauli matrices by using the 't Hooft η-symbol:
The sigma matrices (Σ a ) AB and (Σ a ) AB in six dimensions are defined by
They are related by using the rank-4 ǫ-symbol ǫ ABCD with ǫ 1234 = 1 as
The Lorentz generators Σ ab andΣ ab in six dimensions are defined by
B Calculations of string disk amplitudes
In this appendix, we calculate the string amplitudes (3.5)-(3.7) in Section 3. We first summarize our notations and conventions of the world-sheet fields in type IIB superstring theory in ten-dimensional flat Euclidean spacetime. The world-sheet coordinates are denoted by z,z. The fields 10) are the bosonic and the fermionic string coordinates. The left moving fields satisfy the free field OPEs which are given by
The right moving fields satisfy the similar OPEs. In the presence of parallel D3-branes, the SO(10) Lorentz symmetry is broken down to SO(4) × SO(6) and the string coordinates are decomposed as
where X m spans the world-volume of the D3-branes and X a+4 represents the transverse directions to the D3-branes.
The spin fields are defined by
where e i are the orthonormal basis in five dimensions, c λ is the cocycle factor and φ i are the free bosons obtained by the bosonization of ψ M [43] . The OPE of these free bosons is given by
3)
The weight vector λ specifies the ten-dimensional 32 spinor components. After the GSO projection, the spin fields corresponding to the weight vectors λ that contain odd number of minus components survive. The ten-dimensional spin fields in the presence of the D3-branes are decomposed as
where α,α = 1, 2 are the SO(4) indices and A = 1, 2, 3, 4 are the SO(6) spinor (SU (4) (anti-)fundamental) indices. The explicit relation between the four-dimensional spinor indices and the spin states is found in [13] .
We also introduce the free boson field φ which is obtained by the bosonization of the superconformal ghost field and specifies the picture number of vertex operators [44] . reproduce the undeformed instanton effective action in the zero-slope limit, some of the zero modes should be rescaled by g 0 [32] . The fields ∆ and∆ are the twist fields which interchange the D3 and the D(−1) boundaries [45, 46, 47] . The twist fields appear as a pair of ∆ and∆ in the non-zero amplitudes.
The vertex operators for the NS-NS B-field, the (S,A)-and the (A,S)-type backgrounds are given in Table 2 . As mentioned in Section 3, we consider the scaling such that 
Ψ . We omit the normal ordering symbol.
Here C 0 is the disk normalization factor which is given by
(B.7)
The factor dV CKG is the SL(2, R)-invariant volume element to fix three positions x 1 , x 2 and x 3 among y i , z j andz j 's. This is given by
We fix one position of an open string vertex operator to y 1 → ∞ and the other positions of a closed string vertex operator to z = i,z = −i. Note that in the disk amplitude (B.6) the sum of the picture numbers must be −2.
In the following, we calculate the amplitudes (3.5)-(3.7). Using the formula (B.6), the The correlators involving the world-sheet free fields are evaluated by the formulas in [43] .
After fixing three positions of the vertices and performing the integration of y 2 , we obtain 10) where the cocycle phase factor becomes 1 and C (−)mna is the anti-self-dual part of the deformation parameter (3.13).
The amplitude (3.6) is given by Again, the correlators which contain the ghost and the spin fields are evaluated using the formulas in [43] . The twist field correlator is evaluated as [45, 46, 47] ∆(y 1 )∆(y 2 ) = (y 1 − y 2 ) (B.14)
